Abstract. We show that the set of threefold canonical thresholds satisfies the ascending chain condition. Moreover, we derive that threefold canonical thresholds in the interval ( 
introduction
In higher dimensional birational geometry, it is a very natural and important question to measure singularities of a given variety X or more generally, to measure singularities of a given pair (X, S) which consists of a variety and an effective divisor S in X. For example, in minimal model program, one hopes to find a good birational model by a sequence of divisorial contractions and flips and also one hopes to understand the birational relations between models. The termination of three-dimensional flips can be seen by introducing a measurement of complexity of singularities called "difficulty". Since difficulty is an non-negative integer and it is strictly decreasing after a flip, hence it follows that termination of threefold flips.
Another example is the so-called Sarkisov Program, which try to link two birational models such that each one is a Mori fiber space. In [Cor95] , Corti showed the existence of threefold Sarkisov program which connects two birational Mori fiber spaces by finitely many Sarkisov links. The key measurement is the Sarkisov degree (µ, c, e), where canonical threshold c = ct(X, H) plays the more subtle and crucial role. Indeed, as noted in [Cor95, if the set of threefold canonical thresholds satisfying the ascending chain condition (ACC), then it follows almost immediately that birational Mori fiber spaces are connected by finitely many Sarkisov links. Hence it is natural and very interesting to consider the following conjecture for canonical thresholds, which is analogous to that of log canonical thresholds and mld (see [Kol92] , [Kol97] , [MP04] , [Prok08] and [Stepa11] for example).
Conjecture 1.1. The set T can n : = {ct(X, S)| dim X = n, S is integral and effective} satisfies ascending chain condition.
The purpose of this article is to show that the above conjecture holds in dimension three. We now briefly explain the idea of the proof. Suppose (X, S) is a pair and let π :X → X be a log-resolution. We have
and
where SX is the proper transform of S. The canonical threshold, denoted ct(X, S) is defined as ct(X, S) = sup{λ|(X, λS) is canonical } = min{ a i m i }.
It is easy to see that the canonical threshold is independent of resolution. By blowing up along a curve not contained in singular sets of S and X, it is also easy to see that ct(X, S) ≤ 1 by definition. The following is a well-known fact (see e.g. [Cor95] ). Proposition 1.4. Given a pair (X, S) of a Q-factorial terminal threefold X and an integral Weil divisor S. There exists a divisorial contraction computes ct(X, S). More precisely, there exists a divisorial contraction σ : Y → X with K Y = σ * K X + aE, σ * S = S Y + mE such that ct(X, S) = a m .
Note that if σ is a divisorial contraction to a curve, then a = 1 and hence ct ∈ ℵ : = { 1 n } n≥1 , which is clearly an ACC set. Suppose now that ct is computed by σ for some divisorial contraction to a point P ∈ X. Let n ∈ N be the index of P ∈ X. By abuse of notation, we write K Y = σ * K X + a n E and σ * S =S + m n E, where E is the exceptional divisor of µ andS is the proper transform of S. We call a the weighted discrepancy of σ and m the weighted multiplicity of S with respect to σ. Now ct(X, S) = a m . It is then sufficient to study various constraints of weighted discrepancy a and weighted multiplicities m.
We will use the classification of divisorial contractions to points, due to Kawamata, Kawakita, Hayakawa and some others. As a consequence, it is known that weighted discrepancy is bounded by 4 except some series of weighted blow ups. Theorem 1.5. [Kwk01, Kwk05] Let σ : Y → X ∋ P be a divisorial contraction to a point P ∈ X. If the weighted discrepancy a > 4, then one of the following holds:
(1) P ∈ X is a smooth point and σ : Y → X is a weighted blow up; (2) P ∈ X is a cA, cA/n, cD or cD/2 point and σ : Y → X is a weighted blow up satisfying some extra conditions.
Note that if σ is a divisorial contraction to a point with weighted discrepancy ≤ 4, then ct ∈ ℵ 4 : = { q n } q≤4,n≥1 , which is clearly an ACC set. Therefore, it is sufficient to consider the set of canonical thresholds that are computed by divisorial contractions to points with weighted discrepancies ≥ 5. According to the types of the center P ∈ X, we introduce
where the type * could be sm, (resp. cA, cA/n, cD, cD/2) if P ∈ X is a smooth point (resp. singular point of type cA, cA/n, cD or cD/2). The classification of divisorial contractions then implies the following decomposition of sets:
For each divisorial contraction σ : Y → X ∋ P with weighted discrepancy ≥ 5, not only there exists explicit description of singularities P ∈ X (if P in singular) but also σ is known to be a weighted blow up with certain weights w. Let a, m be its weighted discrepancy and weighted multiplicity respectively. Consider now another weighted blow up σ ′ : Y ′ → X ∋ P with another weights w ′ such that the exceptional divisor E ′ is reduced and irreducible. Let a ′ , m ′ be its weighted discrepancy and weighted multiplicity respectively. Since E ′ corresponds to a valuation, then one has
Roughly speaking, these two inequalities provide estimation of a given ct. With careful choices of weights w ′ and studies of each divisorial contractions to points, we are able to conclude that T can 3, * satisfies ACC and its intersection with the interval ( The article is organized as follows. In section 2, we fix some notations. We study the cases over smooth point, cA, cA/2, cD, cD/2 respectively in section 3-7 respectively. The main theorem then follows from the studies of these cases. In the last section 8, we list a few related questions that could be interesting topics for further investigation. Acknowledgement. The author was partially supported by NCTS and MOST of Taiwan. He expresses his gratitude to Professor Jungkai Alfred Chen for extensive help and invaluable discussion and suggestions. He would like to thank Professor Atsushi Ito for the useful information of finiteness properties of the semi-group Z n ≥0 .
Notations and Conventions.
We always work over complex number C. It is known that a threefold terminal singularity P ∈ X is an isolated singularity which is a cDV quotient. That is, P ∈ X is locally isomorphic to ( 
, one can consider weighted blow ups σ w : Y → X with admissible weights w = 1 n (k 1 , k 2 , k 3 , k 4 ). The weights w is said to be admissible if for all i, k i > 0 and k i ≡ ab i (mod n) for some integer a. Fix the local embedding of X into X and let Y be the proper transform of X in Y, then by abuse of the notation, we also call the induced map σ w : Y → X the weighted blow up with weights w.
For any monomial m = x i 1 y i 2 z i 3 u i 4 , we define the weight of m,
Let h w denote the homogeneous part with minimal weights (with respect to w). Then we can write h = h w + terms of higher weights.
The extended Newton diagram Γ + (h) is defined to be the convex hull in R 4 of the set
We consider now a pair (X, S) locally embedded into X . Let ϕ be the defining equation of X and f be the defining equation of S. Suppose that the exceptional divisor E of the weighted blow up σ w : Y → X is irreducible. Then one has
where a n = (
The number a is called the weighted discrepancy with respect to w and the number m is called the weighted multiplicity with respect to w.
There are a few cases that we need to consider local embedding of (X ∋ P ) into C 5 defined by
). In this situation, the previous discussion can be carried over naturally, while the weighted discrepancy a is computed by a n = 5 j=1
We now compare two different weights. Given two weights w = 1 n (k 1 , ..., k 4 ) and
We are particularly interested in comparing the weights computing canonical threshold and its "approximations". Given a pair (X, S) such that the canonical threshold is computed by weighted blow up with weights w. Let a, m be its weighted discrepancy and weighted multiplicities respectively. Then ct(X, S) = a m . Suppose now that there is another weights w ′ such that the exceptional divisor of the weighted blow up is irreducible. Let a ′ , m ′ be its weighted discrepancy and weighted multiplicities respectively. Then we have
On the other hand, suppose furthermore that w
These two very elementary inequalities play pivotal roles in our arguments.
3. canonical thresholds in T can 3,sm
The purpose of this section is to study T can 3,sm . First recall the following two results of Stepanov:
The set T can 3,sm satisfies ascending chain condition.
Therefore, it suffices to show that T can 3,sm ∩(
Suppose first that ct(X, S) ∈ T can 3,sm is computed by σ w : Y → X ∋ P which is a weighted blow up over a smooth point P of weights w = (1, a, b), where (a, b) = 1 are relatively prime and 1 ≤ a < b. The weighted discrepancy is a + b. Let m be the weighted multiplicity of (X, S) with respect to σ w , then we have ct(X, S) = We thus define w 1 = (1, s, t), w 2 = (1,s,t) and let m 1 , m 2 be their weighted multiplicities respectively. Note that the weighted discrepancies of σ w i are s + t ands +t respectively. Notice also that w 1 s a w and w 2 t b w. Now it follows from Inequality (1), (2) that
On the other hand, since s+t a+b m +s +t a+b m = m, one has that
Notice that (a + b, s + t) = 1 are relatively prime. Hence s+t a+b m ∈ Z if and only if a + b|m. We thus conclude the statement (1).
It remains to show (3). If m = ab + 1, one can easily compute that
Since (a+b, ab+1) = 1, then s+t a+b m ∈ Z, which leads to a contradiction.
Proof. For every integer t > 2, we consider the Brieskorn singularity x 2 + y t + z c = 0 where c is an integer ≥ lcm(2, t). It has canonical threshold , so we have m = 2b, 2b + 2 or 2b + 3 but not 2b + 1 by Proposition 3.3. Note that
Finally, let us assume that a = 1. We would like to compare the weights (1, 1, b) with the weights w 1 := (1, 1, b − 1). By inequality (1), (2), we have
, which is a contradiction to † 3 . Therefore, we have m = 2b or 2b + 1. So now
Therefore, we conclude that
This completes the proof.
canonical thresholds in
In this section, we consider the canonical thresholds over cA points with the weighted discrepancies ≥ 5. By similar method, we study the canonical threshold in the interval ( 1 2 , 1). Let ct(X, S) ∈ T can 3,cA be a canonical threshold realized by a divisorial contraction σ : Y → X. Theorem 1.2(i) in [Kwk05] shows P ∈ X can be identified with (ϕ = xy +g(z, u) = 0) in C 4 and σ is a weighted blow up of weight w = wt(x, y, z, u) = (r 1 , r 2 , a, 1) satisfying the following:
• w(g(z, u)) = r 1 + r 2 = ad;
, where m = w(f ).
Lemma 4.1. Keep the notation as above. Suppose that there is another weights
′ → X be the weighted blow up with weights w ′ . Then the exceptional divisor of σ ′ is irreducible.
Proof. It is convenient to consider truncated weights v = (a, 1) and
and only if k = 0. Therefore, the exceptional set of σ ′ is an irreducible divisor which is defined by ϕ
Following [Chen15, Section 4, Case Ib], there exist positive integers a 1 , a 2 , s * 1 , s * 2 such that 1 + a 1 r 1 = s * 1 a, 1 + a 2 r 2 = s * 2 a with a 1 + a 2 = a. We consider
By Lemma 4.1 and the inequality (1), (2), we see that
Since (a, a i ) = 1, one can have the following similar conclusion. Proof. Since a 1 + a 2 = a, one has
Now the assumption a ∤ m together with (a, a 1 ) = 1 show that it is m − 1. Suppose on the contrary that m <
. Note also that r 2 s * 1 a + r 1 s * 2 a = r 2 + a 1 r 1 r 2 + r 1 + a 2 r 1 r 2 = ad + ar 1 r 2 . It follows that
which is a contradiction.
We will need the following easy observation.
Lemma 4.3. Keep the notation as above. The following holds.
(1) If z or u ∈ f , then ct ≥ 1.
(2) If P ∈ X admits a weighted blow up of weights (s 1 , s 2 , 1, 1) such that s 1 , s 2 ≥ 2 and 
Finally let d = 2. We consider w ′ = (1, 1, 1, 1). One sees x ∈ f or y ∈ f . In particular, m ≤ max{r 1 , r 2 } = r 2 and hence 2 = d ≥ r 1 by Proposition 4.2.
Suppose that r 1 = 2. Proposition 4.2 implies m = r 2 = ad − r 1 = 2a − 2 and so ct = a 2a − 2 = 1 2
It remains to consider r 1 = 1 (and hence r 2 = 2a − 1). Take w 3 = (1, 2a − 3, a − 1, 1). Thus by Lemma 4.1 and Inequality (1), (2), we
Hence m = 2a − 1 and notice that
Next, we consider ascending chain condition for canonical thresholds. It is known that T can 3,sm is ACC (See [Stepa11, Lemma 2.6]). In fact, for each type of * , we will use the following similar argument which is a generalization of that in [Stepa11, Lemma 2.6].
Suppose on the contrary that T can 3, * is not an ACC set. That is, there is an infinite increasing sequence ct 1 < ct 2 < ct 3 < · · · with each canonical threshold ct k ∈ J can 3, * . For each k, let ct k = ct(X k , S k ) where P k ∈ X k is of (fixed) type * and S k is an effective Weil divisor defined by the equation f k locally near P k ∈ X k . Now, each canonical threshold ct k is computed by some divisorial contraction σ k : Y k → X k . The classification of divisorial contraction asserts that σ k is a weighted blow up with weights w k over P k ∈ X k . Let a k denote the weighted discrepancy of σ k and m k = n k w k (f k ) denote the weighted multiplicity where n k is the index of P k ∈ X k . Proof. Fix any increasing sequence {ct k } in T can 3, * , and suppose that Assumption A holds. Combining (1) with (2), we have the following:
Assumption
Moreover by (3), E i j defines a valuation on X j and computation on E i j shows that
≥ ct(X j , S j ) = ct j . Then we have
which is the desired contradiction. Proof. Fix an infinite increasing sequence ct 1 < ct 2 < ct 3 < · · · with each ct k ∈ J can 3,cA . For each k, let ct k = ct(X k , S k ) where P k ∈ X k is defined by ϕ k = xy + g k (z, u) and S k is defined by f k locally.
Note that each ct k is realized by the divisorial contraction σ k : Y k → X k . Theorem 1.2(i) in [Kwk05] implies σ k is a weighted blow up of weight w k = wt(x, y, z, u) = (r k1 , r k2 , a k , 1) satisfying the following:
1 Once the type of point is fixed, the locally equations can be normalized into the same form so that it also make sense to consider the weights w i on X j and compare the Newton diagrams Γ + (f i ) and Γ + (f j ).
• gcd(r k1 , a k ) = gcd(r k2 , a k ) = 1. Passing to subsequence, we may assume both sequences {a k } and {d k } are non-decreasing. It follows from [Stepa11, Lemma 2.5] that we may assume the sequence of Newton polytopes {Γ + (f k )} is nonincreasing.
We pick any i < j. Then we consider (X i , S i ) and (X j , S j ) and weights w i = (r i1 , r i2 , a i , 1), w j = (r j1 , r j2 , a j , 1). We will consider the auxiliary weight w
Note that w i (f j ) is well-defined since P i ∈ X i has index one.
It remains to check the last condition of the Assumption A. Take the weighted blow up with weights w i j over X j ∋ P j . By Lemma 4.1, its exceptional divisor is irreducible and the weighted discrepancy is a i .
Therefore the Assumption A and hence ACC holds by Proposition 4.5.
canonical thresholds in
In this section, we consider the canonical thresholds over cA/n points with the weighted discrepancies ≥ 5.
To investigate the canonical threshold in T can 3,cA/n , let the canonical threshold ct = ct P (X, S) be computed by a weighted blow up σ : Y → X over a cA/n point P ∈ X. Theorem 1.2(i) in [Kwk05] shows that P ∈ X can be identified with (ϕ : xy + g(z, u) = 0) in C 4 / 1 n (1, −1, b, 0) and σ is a weighted blow up of weight w = wt(x, y, z, u) = 1 n (r 1 , r 2 , a, n) satisfying the following:
• nw(ϕ) = r 1 + r 2 = adn.
• z dn ∈ g(z n , u).
• a ≡ br 1 (mod n). The same proof as in Lemma 4.1 yields the following:
Lemma 5.1. Keep the notation as above. Suppose that there is another weights . Note that s i is relatively prime to r i , i = 1, 2 and we have the following:        a = br 1 + ns 1 ; 1 = q 1 r 1 + s * 1 s 1 ; a = −br 2 + ns 2 ; 1 = q 2 r 2 + s * 2 s 2 for some 0 ≤ s * i < r i and some q i . We set δ 1 := −nq 1 + bs * 1 , δ 2 := −nq 2 − bs * 2 .
It follows that δ 1 r 1 + n = as * 1 , δ 2 r 2 + n = as * 2 , and either δ 1 > 0 or δ 2 > 0.
Proposition 5.2. Suppose that ct = a m is realized over a cA/n point P ∈ X. Suppose furthermore a ∤ m. Then m ≥ r 1 r 2 dn 2 . Proof. Without loss of generality, we assume that δ 1 > 0. We consider
Note that w 1
w and w 2
w. Lemma 5.1 and Inequality (1), (2) give
Since b and n are coprime and a ∤ m where m is an integral combination of r 1 , r 2 , a, n, one has that a ∤ δ 1 m. One sees that
If m < r 1 r 2 dn 2 , it follows that
Similar to Lemma 4.3, we have the following easy observation.
Lemma 5.3. Keep the notation as above. Then the following holds.
(2) If P ∈ X admits a weighted blow up of weights 1 n (s 1 , s 2 , 1, n) such that s 1 , s 2 ≥ 2 and s 1 + s 2 = dn and 1 ≡ s 1 b (mod n), then ct ∈ ( , 1). We thus may assume that b = 1, by symmetry, from now on. Suppose now that either n ≥ 3, d ≥ 2 or n = 2, d ≥ 3. We have dn − n ≥ 3. We consider the weights 1 n (n + 1, dn − n − 1, 1, n) and by Lemma 5.3, ct ∈ ( 1 2 , 1). This verifies the claim.
Claim 5.6. x ∈ f (resp. x or y ∈ f ) if dn > 2 (resp. if n = 2, d = 1).
Since b = 1, we consider the weights w ′ := 1 n
(1, dn − 1, 1, n). The inequality
Claim 5.7. n = 2.
Suppose that n ≥ 3. We consider the weights w 3 := 1 n (n + 3, 2n − 3, 3, n). The inequality
yields weighted multiplicity m 3 := nw 3 (f ) ≤ 5. By Lemma 5.3, z, u ∈ f , hence the only monomial m with possibly nw 3 (m) ≤ 5 is y. Therefore, y ∈ f . Now both x, y ∈ f , which is a contradiction because f is a semi-invariant. ′ 1 (f ) = 1 and y ∈ f . One sees that m = 2w(f ) ≤ 2w(y) = r 2 . For all i = 1, 2, r 1 r 2 8 = r 1 r 2 dn 2 ≤ m ≤ r i . We have r 1 , r 2 ≤ 8. Since adn = r 1 + r 2 , one sees a ≤ 4. This contradicts to a ≥ 5. This verifies the claim.
We thus assume that n = 2, d = 1 from now on. We have either x ∈ f or y ∈ f . Without loss of generality, we may assume that r 1 ≤ r 2 and y ∈ f . We have r 1 r 2 4 = r 1 r 2 dn 2 ≤ m ≤ r 2 , which implies that r 1 ≤ 4 (and hence r 2 = 2a − r 1 > r 1 ).
Recall that a ≡ br 1 ≡ r 1 (mod 2). Since y ∈ f , we see a ≡ r 1 ≡ r 2 ≡ m (mod 2). We next consider the weighted blow up of weights w a−2 = 1 2 (r 1 , r 2 − 4, a − 2, 2) and denote by m a−2 := 2w a−2 (f ) the weighted multiplicity.
Claim 5.9. If r 1 ≤ 3 and m < r 2 , then . By Lemma 5.1 and Inequality (1), (2), we have Suppose that r 1 ≤ 3 and m < r 2 . Note that
This is equivalent to
It follows immediately that 2r 1 ≥ 3 and hence r 1 ≥ 2. If r 1 = 2, then a ≤ 6 and hence a = 6. Now m = 9, which is impossible since m and r 2 must have the same parity.
If r 1 = 3, then a ≤ 7. If a = 5, then m = 7 = r 2 . If a = 7, then m = 10 which is impossible by considering the parity. This completes the proof of the Claim. Case 1. r 1 = 4. We have
Case 2. r 1 = 3. Since a is odd, then a is either 6t + 1, 6t + 3 or 6t + 5. Subcase 2.1 a = 6t + 1 Now w = 1 2 (3, 12t − 1, 6t + 1, 2). We consider w 1 = 1 2
(1, 4t + 1, 2t + 1, 2). (3, 12t + 7, 6t + 5, 2). We consider w 2 = 1 2 (2, 8t + 6, 4t + 4, 2).
One sees m 2 ≥ ⌈ 2 3 m⌉ = ⌈ 2(12t+7) 3 ⌉ = 8t + 5. It follows from y ∈ f that m 2 and 8t + 6 have the same parity. In particular, m 2 ≥ 8t + 6. This leads a contradiction that
This completes the proof of Proposition 5.4.
As a generalization of Claim 5.7, we have the following.
Lemma 5.12. Suppose that ct ∈ T 
which is a contradiction to
Proposition 5.13. The Assumption A holds for cA/n. Hence T can 3,cA/n satisfies the ascending chain condition.
Proof. Suppose that there is an infinite increasing sequence ct 1 < ct 2 < ct 3 < · · · with each ct k ∈ T can 3,cAn . For each k, let ct k = ct(X k , S k ) where
Now, each ct k is realized by a weighted blow up σ k : Y k → X k with weights w k = wt(x, y, z, u) = 1 n k (r k1 , r k2 , a k , 1) satisfying the following:
By Lemma 5.12 and passing to a subsequence, we may assume that for all k, n k = n and b k = b for some integers b and n. In particular, f j is semi-invariant under the weights w i for all i < j. By using the same argument as in Proposition 4.6 and taking w i j = 1 n (r i1 , a i d j n−r i1 , a i , n), we see the Assumption A holds, and hence the statement follows.
6. canonical thresholds in T can 3,cD
In this section, we consider the canonical thresholds over cD points with the weighted discrepancies ≥ 5. , 1) with a ≥ 5. We shall reach a contradiction. Note that a ∤ m and σ is classified by case 1 and case 2. (cf. [Kwk05, Theorem 1.2]). Case 1. Suppose σ is a weighted blow up σ : Y → X with weights w = wt(x, y, z, u) = (r + 1, r, a, 1) with center P ∈ X by the identification:
where • 2r + 1 = ad where d ≥ 3 and a is odd;
• w(ϕ) = w(y 2 u) = 2r + 1; furthermore, w(xq(z, u)) = 2r + 1 if q(z, u) = 0.
• Proof. As in Lemma 4.1, it is convenient to consider truncated weights v = (a, 1) and 
Hence w ′ (xq(z, u)) > 2r ′ + 1. Next we consider m = y i z j u k ∈ ϕ. For i ≥ 2, one has w ′ (m) ≥ 2r ′ + 1 since w(m) ≥ 2r + 1. For i = 1,
. Hence the exceptional set is an irreducible divisor. Now d = 3. We then consider the weighted blow up σ 1 : Y 1 → X (resp. σ 2 : Y 1 → X) with weights w 1 = (3, 3, 2, 1) (resp. w 2 = (r−2, r− 3, a−2, 1)). Note that the defining equation of the exceptional set of σ 1 contains {x 2 , z 3 } and hence the exceptional set of σ 1 is irreducible. By Lemma 6.2, the exceptional set of σ 2 is irreducible (see also [Chen15,  Case Ic]).
Recall that 2r + 1 = 3a and hence w 1 3 r + 1 w and w 2 r − 3 r w.
It follows from Inequality (1), (2) that
where m 1 := w 1 (f ) and m 2 := w 2 (f ) are the weighted multiplicities. From Claim 6.3 and assumption a ≥ 5, one sees 3m < r(r + 1). Thus
However, a is odd and a ∤ m, hence 2m a is not an integer. This implies that
which contradicts to † 6 . Case 2. Suppose σ is a weighted blow up with weights w = (r + 1, r, a, 1, r + 2) with center P ∈ X by the identification
• w(ϕ 1 ) = 2(r + 1);
• w(ϕ 2 ) = r + 1; moreover, w(q(z, u)u) = r + 1 if q = 0. Let σ 1 : Y 1 → X be the weighted blow up with weights w 1 = (d, d, 1, 1, d) . It is easy to verify that the exceptional set is an irreducible divisor (see also [Chen15, Case Id] ). Moreover, σ 1 has discrepancy 1. One has
where m 1 := w 1 (f ). Hence m 1 = 1. By d ≥ 2, we see z ∈ f or u ∈ f . This implies m ≤ a and thus ct ≥ 1, a contradiction.
Therefore, if ct ∈ T can 3,cD then ct ∈ ( 1 2 , 1). We finish the proof of Proposition 6.1.
To prove the ascending chain condition for T can 3,cD , we need the following.
Lemma 6.4. Keep the notation as in case 2 above. Suppose that there is another weights w
Y ′ → X be the weighted blow up with weights w ′ . Then the exceptional divisor of σ ′ is irreducible.
Proof. As in Lemma 4.1, it is convenient to consider truncated weights v = (a, 1) and Proof. Suppose on the contrary that there is an infinite increasing sequence ct 1 < ct 2 < ct 3 < · · · with each ct k ∈ T can 3,cD . Note that each ct k = ct(X k , S k ) is realized by the divisorial contraction σ k : Y k → X k . Theorem 1.2(ii) in [Kwk05] indicates that P k ∈ X k and σ k are described in case 1 and case 2. Case 1. Suppose P k ∈ X k is defined by the equation
2 + xq k (z, u) + y 2 u + λ k yz 2 + µ k z 3 + p k (y, z, u).
and each σ k is a weighted blow up of weights w k = wt(x, y, z, u) = (r k + 1, r k , a k , 1) satisfying the following:
• w k (ϕ k ) = w k (y 2 u) = 2r k + 1; furthermore, w k (xq k (z, u)) = 2r k + 1 if q k = 0.
•
Passing to a subsequence, we may assume that the sequences {a k }, {d k } are non-decreasing. It follows from [Stepa11, Lemma 2.5] that we may assume the sequence of Newton polytopes {Γ + (f k )} is non-increasing. We now pick some i < j such that a i < a j . Let s i j be an integer such that 2s Case 2. Suppose P k ∈ X k is defined by the equations ϕ k1 : x 2 + yt + p k (y, z, u) = 0;
and each σ k is a weighted blow up of weights w k = wt(x, y, z, u) = (r k + 1, r k , a k , 1, r k + 2) satisfying the following:
• w k (ϕ k1 ) = 2(r k + 1);
• w k (ϕ k2 ) = r k + 1; moreover, w k (q k (z, u)u) = r k + 1 if q k = 0. Passing to a subsequence, we may assume that the sequences {a k }, {d k } are non-decreasing. By [Stepa11, Lemma 2.5], we may assume the sequence of Newton polytopes {Γ + (f k )} is non-increasing. We pick some i < j such that a i < a j . Let s In this section, we consider the canonical thresholds over cD/2 points with the weighted discrepancies ≥ 5. , 1) with a ≥ 5. Note that a ∤ m and σ is classified by two cases according to Theorem 1.2 in [Kwk05] . Case 1. Suppose σ is a weighted blow up σ : Y → X with weights w = 1 2 (r + 2, r, a, 2) with center P ∈ X by the identification: (ϕ : x 2 + xzq(z 2 , u) + y 2 u + λyz 2α−1 + p(z 2 , u) = 0) ⊂ C 4 / 1 2 (1, 1, 1, 0) where • r + 1 = ad where both a and r are odd;
• w(ϕ) = w(y 2 u) = r + 1; furthermore, w(xzq(z 2 , u)) = r + 1 if q = 0;
• z 2d ∈ p(zSince a is odd and a ∤ m, 2m a
is not an integer. Therefore, ⌊ 2 a m⌋ + ⌊ a − 2 a m⌋ = m − 1, which contradicts to † 7 . Case 2. Suppose σ is a weighted blow up with weights w =
